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Abstract

In this paper, we investigate the solution’s existence and uniqueness for a new integro-differential
nonlinear Volterra-Chandrasekhar equation. We approximate the solution of this equation by
using Nystrome method. The accuracy and efficiency of this method are illustrated in some
numerical examples.
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1 Introduction

Many physical processes and mathematical models usually lead to integro-differential nonlinear
Volterra equations [1, 2]. These equations have attracted the attention of many researchers from
the past to the present. In this paper, we study a new integro-differential nonlinear Volterra-
Chandrasekhar equation, defined as follows:

u(t) = f(t) + kl(t,u(t))/o p(t — 8)ka(s,u(s),u'(s))ds, te€]0,1], (1.1)

where f, p, k1 and ko are given functions, u is the unknown. This equation type represents a
convolution kernel [3].
Recall that the integro-differential nonlinear Volterra equation given by:

u(t) = f(t) +/0 p(t — s)ka(s,u(s),u'(s))ds, te]|0,1], (1.2)

is recently studied in [4, 5, 6]. On the other hand, the nonlinear integral equation given by:

u(t):f(t)—i—k:l(t,u(t))/o kot 5, u(s))ds, t € [0,1], (1.3)

is recently investigated analytically and numerically in [7, 8]. The last equation (1.3) is known in
the literature as the Chandrasekhar quadratic integral equation [9, 10].

In this work, we investigate the equation (1.1) in analytical sense and in numerical sense. We
prove that the existence of the solution by using ideas based on the Schauder’s fixed point theorem,

Advanced Studies: Euro-Tbilisi Mathematical Journal Special Issue (10 - 2022), pp. 203-214.

Thbilisi Centre for Mathematical Sciences.

Received by the editors: 04 May 2021.
Accepted for publication: 27 October 2021.



204 F. Khellaf, M.-Z. Aissaoui

as well as we show the uniqueness by utilizing similar techniques to those used in [5, 6], and finally
we given an extension new theorem for the solution based on Krasnoselskii’s fixed point theorem.
Thereafter, In numerical sense we use the Nystrom method [11, 12] to approximate the exact
solution. Finally, we present a numerical application to show the accuracy of this method.

2 The framework

Let p, k1 and ks be a real functions such that:

p: [_131] - R7 t Hp(t)7
kl : [0,1] xR — R, (t,ﬂj’) — kl(t,{E),
ko : [0,1] x RZ = R, (s,2,9) > ka(s, x,7).

We assume that p, k1 and ks satisfy the following conditions:

. Ok1 Ok
i) 9t or © C([0,1] x R),
Vs € [0,1], ka(s,-,-) € C(R?)
(H1) || i)p € C'([-1,1])), p(0) =0,
iii)IM >0, Vt,s € [0,1], Vz,y e R :
ok ok
max{kl(t,x)|, |87tl(t,l‘)|, |87$1(t7x)|7 |p(t - S)kQ(vaay”a |p/(t - 5)k2(57x3y>|} < M.

We define the superposition operator K; generated by the function k; (see [13]), given by the
formula

Ky(u) (t) = ks (t,u(t), € [0,1].

In what follows, we do not use the monotonicity properties of the superposition operator Ki to
investigate the solvability of the equation (1.1). However, in [14] the monotonicity properties has
been applied to investigate the solvability of the equation (1.3).

For f € C1(0,1), we consider again the integro-differential nonlinear Volterra-Chandrasekhar

vt € [0,1], u(t) = k1 (t,u(t))/o p(t — 8)ka(s,u(s),u'(s))ds + f(t), (2.1)

The natural framework of our solution u is the separable Banach space C1([0,1]). If we derive the
two sides of this equation, we obtain for ¢ € [0, 1]:

u'(t) = [%l?(t,u(t))t—l— u’(t)aalll(t,u(t))} /0 p(t — 8)ka(s,u(s), v (s))ds+

ka (2, u(t)) /O P'(t = 8)ka(s, u(s), u(s))ds + f'(t).

(2.2)

Our goal is to find conditions that ensure the existence and uniqueness of the solution, then
build a numerical technique to approach this solution.
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3 Analytical study

Let Ty = for f € C1([0,1]) we define the functional ®; such that

1
T
Ve € CH([0,Th]), Vt € [0, Th), @4(6)(t) = kl(t,é(t))/ p(t — s)ka(s,£(s),€ (s))ds + f(1).
We define also the set

F= {E € C'([0,71]) - £(0) = f(0), £'(0) = f(0), max [€(t)| < e, max [¢'(H)] < 02},

" 4€[0,T4] t€[0,T1]
where
_ 2 _ / 2 /
v = e [F(0] 4 M2, o = mae |70+ 2 (2 e 1701 ).

Proposition 3.1. For f € C'([0,1]), ®; is continuous from F to C'([0,T1]).

Proof. Let £ € F, it is clear that ®(£)(+) is continuous on [0,77]. In addition, for all ¢ € [0,T1]:

B0 = |G + OG0 [ ol s g6 (s +

kl(hf(t))/o Pt = s)ka(s,£(5),£'(s))ds + f'(t),

which is continuous on [0, 71] and bounded.
Let (§,)nen a sequence in F converging to £. Then, for all ¢ € [0, 77]:

lim @) = lim (/ﬁ(m(t)) / p(t—8)k2(87€n(8)7€%(8))ds+f(t))

n—-+oo n—+o00
= (e, Jim_6,(0) [ o= hals, Tim_6,(6), tim_€,(s)ds + 1))
=0 (8)(1).
Q.E.D.

3.1 Existence
For the existence of the solution, we add the following condition:
1)3JA>0,Vt€[0,1], Ve, T € R, |k1(t,x) — k1(t,T)| < Alz — T,

dK dK
#4)3C > 0,vYu € C1([0,1]), V¢, € [0, 1], d—tl(t,u(t)) - d—tl(t’,u(t’)ﬂ <Clt—t|.

(H2)

This condition is similar to the assumptions stated in [7, 8].

Theorem 3.2. Eq. (2.1) defined on [0, 73] has a solution in C*([0, 71]).
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Proof. 1t is easy to check that the set F is closed and convex.
For all £ € F we can prove that

2(£)(0) = £(0), @3(£)(0) = £/(0), max [®r(&)(t)| < ci,

te[0,T1]

and

O (6 (1) < 2Ty M? M?T (¢
ten[}f%]lf(f)()l <21 M= + ¢ 1+trg1[3>1<]\f()l

< ——|2M? + M? 1+ M? " = eo.
_1+M2{ + C2+( + )tren[g)i]‘f(” C2

Then, ®¢(F) C F. Furthermore, ®; is continuos on F (see proposition 3.1). Consecutively, for
€ € F and for all t,¢' € [0,Ty):

B0 = OW)] < (' €W [ Iple = s)bals. €6). o)) s+
[ = 9)kals 9. € 9D ds [ (,600) = ba (€, )]+ e 70 ¢~ ¢

<+ mae 7] = €]+ M ks (6,60) = ha(t, 60)] + M ks (,(6) — b€, 60))

IN

ok
2 / gy _ / 1 g
(0% + g 0D~ + AM 160 = &)+ 31 s {| s 6660 | 1)
< 2 / oy / Y
< (@M s |7/l — €]+ AM s (€0 It 7|

< (2M? + AMcy + max |f/(¢)])|t —t'].
t€[0,1]

Further, we can find similarly that

[@4(&)(t) = ()] < Cult — 1,

where C] is a positive constant. Thus, using Schauder’s theorem, we obtain that ®; has a fixed
point in F. Q.E.D.

3.2 Uniqueness

We add the following conditions:

EIBaEaDaﬁ € R—i—a vxafayvy € R7 Vt,S E[Ov 1}
Z) |]€2(S,.’L'7y)_]€2(8,f,y)| §B|$_5|+B|y—y|,
.. 1 1 — —_
w3 B 156w - 56 < Dle -3,
Ok ok, = _
v _ v < — 7.
i) 5 (t,z) 5 (t,7)| < D]z — 7|

These conditions are also similar to assumptions stated in [4, 5, 6, 7, 8] to obtain the uniqueness of
the equations (1.2) and (1.3).
To show the uniqueness, we need an intermediate result.
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Lemma 3.3. If ¢ is a continuous positive function on [a, b], which verifies

¢
dp >0, Vt € [a,b], o(t) < p/ p(s)ds.

Then, ¢ = 0.
Proof. There exists p > 0 such that

vt € [a,b], p(t) < p.
Then

’ t
o(t) < pu/ ds = pu(t — a).
On the other hand, we have
t
p(t) < p/ o(s)ds.

Therefore,
t—a)?
2

o(t) < p%/ (5 — a)2ds = p*p

Repeat n times this operation, we find

Q.E.D.

1

Consider Ty = min{ T}, ———
onsider i Hlln{ 1’AM—|—1

}, the next theorem gives us the uniqueness of the solution of
the equation (2.1) on [0,T1].
Theorem 3.4. The solution of the Eq. (2.1) is unique on [0, Tﬂ

Proof. Suppose that u,v € F are two solutions of the equation (2.1) on [0, Ty].
Set

Y(t) = |u(t) — o) + [/ (t) =o' (t)], t€[0,T1].
Using the conditions (H2) and (H3), we can prove that

(1— AMT))[u(t) — ()| < Cy / ¥(s)ds,

(1= M2Ty) /() — ' (8)] < Calu(t) — v(t)] + Cs / y(s)ds,

where C, Cy and Cy are positive constants depending only on A, B, B, D, D and M. Therefore,
there exists p > 0 such that

vt e [0,T1], ~(t) < p/o ~(s)ds.

Using the previous lemma, we obtain: u = v. Q.E.D.
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3.3 Extension of the solution

In the previous subsections, we showed that the equation (2.1) on [0, Tl] has a unique solution. in
what follows, we prove that this solution can be extended on [0, 1].

Let u; denoted the solution of the equation (2.1) on [0, Tl]. Let Ty > Ty such that Ty — T} = d.
For all ¢t € [T}, T5], we set the function us satisfies the following equation:

t

us(t) = kl(t7u2(t))/ p(t — 8)ka(s,uz(s), ub(s))ds + f(t) (3.1)

Ty Tl
(s (1)) /O p(t — 8)ka(s, ua (), (5))ds,

If uz is the unique solution of the equation (3.1), then the equation (2.1) has a unique solution
u on [0, T3] given by:
<t<
u(t _ ’U,l(t) ~0_t_1:1,
Ug(t) T1 <t< Tg,

However, to prove that the equation (3.1) has a unique solution, we assume in addition to (H2)
that:
i)3A>0,Vt € [0,1], Vo, T € R: |k (t,2) — k1(t,T)| < Az — T
(H'2)
i) A < 1.

Theorem 3.5. Eq. (3.1) has solution on [T]_,Tg].
Proof. Let u € CY([Ty, T3]), we define the operators S and T by the relations:
t

S(u)(t) = k1(t7u(t))/ p(t = $)ka(s, u(s), u'(s))ds + f (1), (3-2)

Ty

T(u)(t) = k1 (t, u(t)) /0 1 p(t = s)ka(s, u1(s), uy(s))ds. (3-3)

If d = Ty, then by using the same technics as in the previous sections, the operator S has fixed
point based on Schauder’s fixed point theorem. On the other Side, the operator 7" is a contraction
on Cl([Tl,Tg]). For all u,v € Cl([Tl,TQ]), for t € [Tl,TQ]I

[T(w)(t) =T()@®)] < /0 bt — )ka(s,ua(s), wh () ldsa (t, u(t)) — ka2, (8)
< T AN() — olt)
< Alu(t) —o(?)].

Furthermore, for all u,v € CY([T},Ts]) , we have S(u) + T(v) € M where the set M is:
M = {u e CH[T1, o)) : Ju(t)| < 271 M3 + max | f|}.

So, according to Krasnoselskii’s fixed point theorem the equation u = S(u)+T'(u) has a fixed point
U in Cl([Tl, TQ]) Q.E.D.
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4 Numerical study

Under the conditions (H1), (H2), (H’'2) and (H3), we have shown that the Eq. (2.1) has a unique
solution in C'([0,1]). In this section, we will present a numerical method based on the numerical
integration to approximate the solution. This numerical integration method is called Nystrome
method (see [11, 12]).

Let N € N, on the interval [0, 1], we define the subdivision:

ti=jh, h=—, 0<j<N.
i =Jh, N70,J,

The numerical integration formula is given by:

1 N
| e =nywe (4.1)

=0

where, w; are real number verifying
N
W = sup E |w;| < o0.
NeN‘—]

Using this quadrature method on the Eqgs. (2.1) and (2.2), we obtain the following system

Up= [(0),
Vo= [f(0), -
U= f(tn) +hki(tn,Un) Y wip(tn — ti)ka(ts, Us, Vi),
, Oky = ok ol (4.2)
Vo= )+ g (o Un) Voo s Un)lh D wipltn = ti)katts, Ui V)
+hki(t,, Uy) Zn: wip' (tn — ti)k2(t:, Ui, Vi).

i=0
where, U,, approaches u(t,) and V,, approaches u'(t,) for 0 <n < N.

4.1 System study

Theorem 4.1. For h sufficiently small, the system (4.2) has a unique solution.

Proof. Suppose that the space R? has the following norm:

X 9 X
(7)== ()
For all n > 1, we set:

‘I’n< X ) _ ( F(tn) + han_1k1 (tn, X),

= [X[+ Y],
1

f(tn) + han_l[%(tn, X)+ Y%kl

Y am
ot r

(tnv X)]+hp/(0)k1 (tna X)kQ(tna Xa Y) + hﬂn—lkl (tn, X)

y
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where,

Qp_1 = szp kZ(tzaUqu)y

Brn-1 *szp kQ(tuUuVl)-
Under the conditions (H1) — (H3), we get:

() (5 )em o (3) o (5 ) =l (7) - ()

where, C' is a positive constant. Then, for h sufficiently small, by using Banach’s theorem, we
obtain the result. Q.E.D.

2

4.2 Error analysis

In this section, we will show that the approximate solutions constructed in the previous section
converge to the exact solutions of the Eqs (2.1) and (2.2). For this, we define for all n € N

en = [Un — ultn)| + [Va — u/(tn)].

We say that the method presented by the system (4.2) is convergent, if
lim < max z—:n> =0.
h—0 \ 0<n<N
Let ¢ € C1([0,1]), for n € N, we define the local consistency error as:

§(h,tn) =

/O"p< §)Ka(s,€(s) ds—thzp ) Ko, €t >5<z—>)|

+

/O"p% §) Ko (s, £(s), ds—hzwzp t) Kot €(t >§(i>>|.

We say that the approximation method (4.2) is consistent with the equations (2.1) and (2.2), if

h—0 \0<n<N

ve € C1([0,1]), lim < max 6(h,t )) =0.

The next lemma is intermediate result using to prove that the method presented in (4.2) is
convergente.

Lemma 4.2. Let ag, a1, ... satisfy

n—1

lan| <A |ai| + B,

=0

where A > 0, B > 0. Then
lan| < (1+A)" (B + Alaol).
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Proof. The result is easily establish with an inductive argument. Q.E.D.

Theorem 4.3. If the approximation method given by (4.2) is said to be consistent with (2.1) and
(2.2). Then

lim ( max €n> =0.
h—0 \0<n<N
Proof. For n > 1, we get

n—1
Uy = ultn)| < M&(h, tn) + RMAW U, — u(t,)| + hM?W max{B, B} > ;.
j=0

Then, we evaluate the difference |V;, — u/(t,,)], to find for all A small enough,

n—1

en < a(h)+b(h) Z £,
j=0

where

a(h) = M(3+ L)3(h, t,),
b(h) = h(3 + L)M2W max{B, B},

a=1—hmax{MW2A+ D+ D +1),4AM?>W}.
Using the lemma 4.2, we get

En

9 = n—1
< 1 <1+ h(3+L)M Wmax{B,B}) "

(0% «

<M(3 + L) max 6(h,t;) + h(3 + L)YM*W maX{B,B}50> .

0<i<n
But,
( h(3 + L)MQWmaX{B,B})nl ( (3+ L)M?Wmax{B,B})N
1+ <(1+ ,
« Na
and N
L)M? B.B
lim <1+(3+ YM=W max{B, }) < oo,
N—+o00 Na

Thus, there exists # > 0 such that:

VYN €N, max —

1<n<N « o

9 - n—1
1 (1 N h(3+ L)M Wmax{B,B}) <o

And the desired result is obtained. Q.E.D.
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TABLE 1. The numerical results for Eq. (5.1)

N max |U; — u(t;)] max _|V; —u'(t;)|
0<i<N 0<i<N
10 4.0000E-03 3.7000E-03
50 7.9528E-04 7.3317E-04
100 3.9793E-04 3.6633E-04
200 1.9904E-04 1.8317E-04
500 7.9635E-05 7.3253E-05
1000 3.9821E-05 3.6624E-05
1500 2.6548E-05 2.4416E-05

5 Numerical result

We use the trapezoidal method since it guarantees that the approximation method given by (4.2)
is consistent with the Eqgs (2.1) and (2.2).

The terms U,, and V,, will not be exactly calculated. They will be approached using Banach’s
iteration method with a stopping criteria of type

1
Xnew - Xo S TANT
|| ull € T

Example 1: We choose the following equations

t ¢ (t —s)
u(t) = ds+ f(t), te]l0,1]. 5.1
© 1+u2(t)/o 5+ (u(s) +u/(s))’ f) 0.1] (5-1)
. t 1 . .
The functions K (¢, x) = 1122 Ky(s,z,y) = e b and p(s) = s satisfy the assumptions (H1),

(H2) and (H3) with the constants:

M =2, AB,BD,D<3.
If we take:
log(t> + 2t +6)  log(6) 1 -1 53t =
f) =+ t( og( +2 +6) 092( )+3(5%(mcmn(57)_m«cmn(( ; ) +52))> +

(s¥ttarcran(s®) ~ arctant(5t05 +5# )3 )] iy

Then, we get u(t) =t.

6 Conclusion

We have built assumptions that guarantee solution’s existence and uniqueness for a generalized
integro-differential nonlinear Volterra equation. Developed numerical example shows the effective-
ness of the Nystrom method used to approximate the solution of this equation. As perspective, we
will study the case where the kernel is weakly singular using different method as in [15, 16].
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